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Control system

Control system

In a control system can be several types of variables:
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Control system

Control system

In a control system can be several types of variables:
@ time variable
@ state variables
@ control variables
@ measurable variables

@ noise/uncertain variables

Disturbances

_’O—’ Controller System

Measurements
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Objective in control theory

Objective

Design a control signal which achieves some “property” or feature desired for the
state variable for every noise/uncertain signal.
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Objective in control theory

Objective

Design a control signal which achieves some “property” or feature desired for the
state variable for every noise/uncertain signal.

To control the state variable
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Objective in control theory

Properties for control problems

It can be studied different properties:
o Stability
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Objective in control theory

Properties for control problems

It can be studied different properties:
o Stability
@ Stabilization
o Controlability/reachability

o Optimization
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Types of control systems

Classification of control systems

o Discrete systems: variables are discrete
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Classification of control systems
o Discrete systems: variables are discrete
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Types of control systems

Classification of control systems

o Discrete systems: variables are discrete
o Continuous systems: variables are continuous
@ Hybrid systems: variables are discrete and continuous
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Types of control systems

Type of dynamical system

o ODE (ordinary differential equation)
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Types of control systems

Type of dynamical system

o ODE (ordinary differential equation)

@ PDE (partial differential equation)

o Difference equation

@ A mixture: for instance, a coupled ODE-PDE system
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Types of controls

Classification of control

@ Open loop control: control depends on time
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Types of controls

Classification of control

@ Open loop control: control depends on time
o Closed loop control (feedback): control depends on state. (Robust).
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Outline of this section

© Introduction to switched systems
@ Definition of switched system
@ Solution of a switched system
@ Stabilizability of switched systems
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Definition of switched system

Switched system

A switched system is given by a family of systems
x = fy(x),

where f; : R” — R" is a vector field with index j € J which is called subsystem,
the variable x is the state variable and the number n is the order of the system.

o : R, — Jis a switching law. o :R" — Jis a feedback switching law.

x(t) = foe)(x(t))- x(t) = fo(x(e))(x(1)).
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Definition of switched system

Switched linear system

A switched linear system is given by a family of linear systems
x = Ay (x),

where A1,..., Ay € M,, are matrices.
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Solution of a switched system

{X(t) = foy(x(1)), t 20,
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Solution of a switched system

x(t) = fr)(x(t)), t >0,
x(0) = xo,

Denote the solution ¢(t; xg,0).
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Solution of a switched system

. (=21 . _( -1/2 -1
x—Alx—(2 3>x, x—Azx—( 10 2)x.
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Solution of a switched system
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Solution of a switched system
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Stabilizability of switched systems

Exponentially stable

A dynamical system given by a differential equation

x(t) = f(x),
x(0) = xo,

is exponentially stable if there exist C > 0 and a > 0 such that

le(t: xo)ll < Ce™*lxo|

for every t > 0 and xg € R".
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Stabilizability of switched systems

The problem of stabilizability

For a switched system
x = f5(x),

the problem is to design a switching law o such that the dynamical system

X(t) = fa(t)(X)a
x(0) = xo,

is exponentially stable.
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Outline of this section

© Stabilization for a class of third order switched linear systems
@ The class of third order switched linear systems
@ Previous results
@ The new class of third order switched linear systems
@ Main result
@ Parametrization of the class of switched linear systems
@ Numerical example
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The class of third order switched linear systems

Switched system
S = {A1, A, A3}

where A1, Ay, A3 € M3 and
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Switched system
S = {A1, A2, As}
where A1, Ay, A3 € M3 and

@ For k=1,2, 3, the eigenvalues of Ay are A\, ax & bxi, where Ay, ax, by € R
and b, > 0.
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The class of third order switched linear systems

Switched system
S ={A1, Az, A3}
where A1, Ay, A3 € M3 and
@ For k=1,2, 3, the eigenvalues of Ay are A\, ax & bxi, where Ay, ax, by € R
and b, > 0.

Q If vi, v», vz € R3 are eigenvectors of matrices Ay, Ay, A3 associated to the real
eigenvalues A1, A2, A3, respectively, then vy, vo, v3 are linearly independent.

Bosco G.© Stabilization of switched systems October 16th, 2021 18 /48



Previous results

Let S = {A1,...,An} be a switched linear system and P € M, be a non-singular
matrix. The following statements are equivalent.
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Previous results

Let S = {A1,...,An} be a switched linear system and P € M, be a non-singular
matrix. The following statements are equivalent.

© The switched system S is (asymptotically, exponentially) stabilizable.

@ The switched system &' = {PA;P~ L, ... PAyP~1} is (asymptotically,
exponentially) stabilizable.
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Previous results

S = {A1, Az, A3}

@ For k =1,2,3, the eigenvalues of Ay are A\, ax & bxi, where Ay, ax, by € R
and by > 0.

Q If vi, v», va € R3 are eigenvectors of matrices Ay, Ay, Az associated to the real
eigenvalues A1, Ao, A3, respectively, then vy, v», v3 are linearly independent.
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Previous results

S = {A1, Az, A3}

@ For k =1,2,3, the eigenvalues of Ay are A\, ax & bxi, where Ay, ax, by € R
and by > 0.

Q If vi, v», va € R3 are eigenvectors of matrices Ay, Ay, Az associated to the real
eigenvalues A1, Ao, A3, respectively, then vy, v», v3 are linearly independent.

p~l= ( Vi VWV w3 )
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Previous results

§ = {A1, Ay, As}
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Previous results

51 2 3
Case §3385,87, > 0
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Previous results

Case 33,3%,33, > 0
5= {A, AL A}

/:41 = QA QY /:42 = QAQ71, 2\3 = QA;Q L.
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Previous results

Case 33,3%,33, > 0 o
5= {A, AL A}

/:41 = QA QY /:42 = QAQ71, 2\3 = QA;Q L.
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51,52,83 € {_1? +1}
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Previous results

Case 33,3%,33, > 0
Acer = Mcex, fork=1,2,3
21

21 %2 X2 33 _ =3
d3 = 5253423, d31 = 5153431, d1p = 515241

=1 52 =3

d3 931 dip | S1 2 S3 5%3 931 912
+ + + |+ + +| + + +
+ - - -+ +|+ + o+
-+ |+ -+ ]+ + o+
- - 4+ |+ + -+ + +
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Previous results

51 2 =3
Case §3335,87, <0

Arer = \ser, Arer = Moer, Ases = \ies

=1 =3 2 __ =2 23 =1
323 - 5152321, 331 — 51532137 312 — 5253332.
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Previous results

51 2 =3
Case §3335,87, <0

Arer = Azer, Aver = Mre, Ases = \je3

21 =3 322 =2 23 =1
323 - 5152321, 331 - 51532137 312 - 5253332.

5%3 5%1 5%2 5%2 5%3 5%1 S1 52 83 5%3 a3 5%2
+ 4+ -1 - - 4+ |+ + -+ + -+
+ - 4+ |-+ -+ - +]+ + 4+
- 4+ 4+ 1+ - —-]1- 4+ 4|+ + +
- - -]+ 4+ 4|4+ 4+ 4+ + + +
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Previous results

5={AL AL A}
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Previous results

5={AL AL A}

@ Each matrix A1, Ay, A3 has two non real eigenvalues.
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Previous results

5={AL AL A}

@ Each matrix A1, Ay, A3 has two non real eigenvalues.

Q e, e, 3 are eigenvectors of 741,742,/2\3 associated to the real eigenvalue,
respectively.
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Previous results

5={AL AL A}

@ Each matrix A1, Ay, A3 has two non real eigenvalues.

Q e, e, 3 are eigenvectors of 741,742,/2\3 associated to the real eigenvalue,
respectively.

© The entries 335, 33;, 33, are positive.
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The new class of third order switched linear systems

S = {A1, A, Az}
1 1 2 2 3 3
A1 3%2 3%3 aél 0 3%3 a%:l 3%2 0
0 a3 as az; 0 a3 az ap A3
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The new class of third order switched linear systems

S - {Ala A27 A3}
1 1 2 2 3 3
A1 3%2 3%3 a%:l 0 3%3 3%1 aéz 0
0 a3 as az; 0 a3 az ap A3

@ the matrix Ax has eigenvalues A\, ax + bii, ax — bii with Ay, ax, by € R and
b >0, for k=1,2,3,

Q a}; >0, a3 >0and a3, >0.
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Main result

o Fi ={(x1,x2,x3) €ER3:x =0},
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Main result

o Fi ={(x1,x2,x3) €ER3:x =0},
o Fo={(x1,x2,x3) €ER3:x3 =0},
) F3 = {(Xl,XQ,X?,) S R3 X1 = 0}

For an initial condition xo € R3\ {0}.
@ There exists 71 > 0 such that e*™xy € Fo.
@ There exists 7 > 0 such that e®2™2x; € F3.
© There exists 73 > 0 such that e®™xy € F.
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Main result

For an initial condition xo € R3\ {0}.
@ There exists 71 > 0 such that e xy € Fo.

@ There exists 7 > 0 such that e®™2xy € F;.
@ There exists 75 > 0 such that e®™x, € Fy.

x(t) = Aix, t >0,
x(0) = xo.
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For an initial condition xo € R3\ {0}.
@ There exists 71 > 0 such that e*™xg € F.
@ There exists 7 > 0 such that e®™2xy € F;.
@ There exists 75 > 0 such that e®™x, € Fy.

x(t) = Aix, t >0,
x(0) = xo.

g 1 1
X = dypX2 + dr3X3,

g 1 1
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Main result

For an initial condition xo € R3\ {0}.
@ There exists 71 > 0 such that e xy € Fo.

@ There exists 7 > 0 such that e®™2xy € F;.
@ There exists 75 > 0 such that e®™x, € Fy.

x(t) = Aix, t >0,
x(0) = xo.

g 1 1
X = dypX2 + dr3X3,

g 1 1
X3 = dazpX2 ar dz3X3.

There exists 73 > 0 such that x3(71) = 0. Then x(71) € F,.
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Main result

Define
o Ty =min{r >0:eMMe; € R},
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Define
o Ty =min{r >0:eMMe; € R},
o T =min{m >0:e™7e € F3},
o T3=min{r3 >0:eMme € F}.

Proposition

It turns out that
Q M Tixge R, forall xo € Fi,
Q eT2xy € F; for all xg € F,
Q e Txy e F for all xg € Fs.
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o T =min{m >0:e™7e € F3},
o T3=min{r3 >0:eMme € F}.

It turns out that
Q M Tixge R, forall xo € Fi,
Q eT2xy € F; for all xg € F,
@ M Tsxy € F for all xg € F.

For a given xp € F; it follows that xp = xy€1 + xze3 for x3,x3 € R. Then

eMh Xp = X1 eMh e + X3€A1 i e =X eMh e + X3€A1 i es,

since e; € F, and e*1Tre3 € F, then e Tixy € Fp.
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Main result

For xo € R¥\ {0} and t > 0

3 iftel0,m),
1 ifte [T3+kT,T3—|—kT—|— Tl),
U(t) = 2 ifte [7'3+kT+ T1,7'3+kT+ T1—|— Tz),
3 ifte[m+kT+Ti+ To,13+kT +T1+ T+ T3),

where k € N, T = Ty + To + T3, and 73 > 0 verifies e xy € Fy.
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Main result

If p(M) < 1 then the switched linear system S is exponentially stable with
switching law o.
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If p(M) < 1 then the switched linear system S is exponentially stable with
switching law o.

Since p(M) < 1 then the discrete-time linear system with matrix M is
exponentially stable, i.e. there exist ¢ > 0 and ( € [0, 1) such that

[Mky|| < cB¥|ly|l for y € R? and k € N
|E*x|| < cB*||x|| for x € F; and k € N

_ log(B)
o= T >0
my = sup{[[e®*7x[| : 0 < 7 < T, |Ix|| = 1}

my = sup{||le®Be®eM i 0<h S T1,0< 6 < TH,0< 15 < Ty, x| =1}
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Main result

Proof (Cont.)

Let xop € R3\ {0} be an initial condition.
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Main result

Proof (Cont.)

Let xop € R3\ {0} be an initial condition.

eA3TX0, fort =7, and 0 < 7 < 73,
M X1 fort =73+ kT +7and 0<7< Ty,
o(t;x0,0) =< ety fort=m+ kT +Ti+7and 0< 7 < Ty,
for t = kT + T1 + T
AT TeeMTiy T3tk + 114+ Io+T

andOSTSTg,

where x,.1 = EFKe™™xg, k € Nand t > 0.
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Main result

Proof (Cont.)

Let xop € R3\ {0} be an initial condition.

eA3TX0, fort =7, and 0 < 7 < 73,
M X1 fort=m3+kT +7and 0< 7 < Ty,
o(t;x0,0) =< ety fort=m+ kT +Ti+7and 0< 7 < Ty,

fort=m+kT+T1+To+7
AT A2 To JAL T 3 1 2
erTen e X, do<T< T,

where x,.1 = EFKe™™xg, k € Nand t > 0.

If t =73+ kT + 7 with 0 < 7 < T3, then
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Let xop € R3\ {0} be an initial condition.

™7 xo, fort=7, and 0 < 7 < 73,
M X1 fort=m3+kT +7and 0< 7 < Ty,
o(t;x0,0) =< ety fort=m3+ kT +T1+7and 0< 7 < T,
f = kT + T1 + T
AT TeeMTiy ort=m+kl + 11+ lo+7

and 0 < 7 < T3,

where xx11 = Eke®Txy, k € Nand t > 0.
If t =73+ kT + 7 with 0 <7 < Ty, then

= [|eM xiq1]| < ma|| EXe™ T x|

< mycBK|[e x| < mymacBK|xol|

le(t; x0, o)
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Proof (Cont.)

Let xop € R3\ {0} be an initial condition.

™7 xo, fort=7, and 0 < 7 < 73,
M X1 fort=m3+kT +7and 0< 7 < Ty,
o(t;x0,0) =< ety fort=m3+ kT +T1+7and 0< 7 < T,
f = kT + T1 + T
AT TeeMTiy ort=m+kl + 11+ lo+7

and 0 < 7 < T3,

where xx11 = Eke®Txy, k € Nand t > 0.
If t =73+ kT + 7 with 0 <7 < Ty, then

lo(ti x0, 0)| = [l xicra|| < maf| E*e™ x|

IA

macB¥ |70l < mimacB¥ (x|
T347)

AN

mymyce®( e x| < mymyce(TsH et || x|
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Main result

Proof (Cont.)

Let xop € R3\ {0} be an initial condition.

™7 xo, fort=7, and 0 < 7 < 73,
M X1 fort=m3+kT +7and 0< 7 < Ty,
o(t;x0,0) =< ety fort=m3+ kT +T1+7and 0< 7 < T,
f = kT + T1 + T
AT TeeMTiy ort=m+kl + 11+ lo+7

and 0 < 7 < T3,

where xx11 = Eke®Txy, k € Nand t > 0.
If t =73+ kT + 7 with 0 <7 < Ty, then

lo(ti x0, 0)| = [l xicra|| < maf| E*e™ x|

IA

macB¥ |70l < mimacB¥ (x|

< mymyce®(™t7)

e x| < mlmgceo‘(T“T)e*MHxOH.

llo(t; x0,0)|] < Ce™*||x0|| for all t > 0.
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Main result

Proposition

A polynomial p(z) = z2 + a1z + ag is Schur stable (all the root are in the unit
disk) if, and only if
lao] <1 and |a1] < ap + 1.
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Main result

A polynomial p(z) = z2 + a1z + ag is Schur stable (all the root are in the unit
disk) if, and only if

lao] <1 and |a1] < ap + 1.

The switched linear system S is exponentially stable with switching law o if the
matrix M verifies the following conditions

Q |det(M)| < 1, and
Q |tr(M)| < det(M) + 1.
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Parametrization of the class of switched linear

systems

Let A € M3 be a matrix verifying the following conditions
© A has eigenvalues A\, a + bi,a — bi with X\,a,b € R and b > 0,
© the matrix A is

with a,3 > 0.
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Parametrization of the class of switched linear

systems

Let A € M3 be a matrix verifying the following conditions
© A has eigenvalues A\, a + bi,a — bi with X\,a,b € R and b > 0,
© the matrix A is

0 ay ay
0 a3 ag
with a,3 > 0.
A=PJPt
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Parametrization of the class of switched linear

systems

Relation between matrix A and parameters

_ 92+ 333

a 5 9
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_ axp 1 a3
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Relation between matrix A and parameters

_ axp 1 a3
a= —
d— dpp — d33

=

b=y —d? — ayay,,
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Parametrization of the class of switched linear

systems

Relation between matrix A and parameters

_ axp 1 a3
a= —
d— dpp — d33
=
_ |
b =1/—d? — ayas,,
Y = a3,
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Parametrization of the class of switched linear

systems

Relation between matrix A and parameters

_ axp 1 a3
a= —
d— dpp — d33
=
_ |
b =1/—d? — ayas,,
Y = a3,

(a = A)p— bg = ap3a;, — days,
bp+ (a—\)g = bas.
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Parametrization of the class of switched linear
systems

Exponential matrix e””

eAT=PedTP =0 ey ey
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Parametrization of the class of switched linear
systems

AT

Exponential matrix e

AT P €11 €2 63
e’ =Pe P =| 0 ey ey
0 e, O

Time T > 0 such that e?7e; € F

A\ |
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Parametrization of the class of switched linear
systems

AT

Exponential matrix e

AT P €11 €2 63
e’ =Pe P =| 0 ey ey
0 e, O

Time T > 0 such that e?7e; € F

|

eteTe3 = €T cos(bT) — BeaTsin(bT) =0,
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Parametrization of the class of switched linear
systems

Exponential matrix e””

AT P €11 €2 63
e’ =Pe P =| 0 ey ey
0 e, O

Time T > 0 such that e?7e; € F

|

eteTe3 = €T cos(bT) — BeaTsin(bT) =0,

T= %arccot (%) ,

\/ﬁ, and cos(bT) =

Therefore

d

N

sin(bT) =
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Parametrization of the class of switched linear
systems

AT

Exponential matrix e

AT P €11 €12 €3
0 e, O
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Parametrization of the class of switched linear
systems

Exponential matrix e”T

= pb+qd eaT_ge)\T
B p /b2 + d? b’
Y

aT

b? 4 d2

P
w
(o))
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Parametrization of the class of switched linear

systems

Matrices A;, A, and A3
A= QAQ Y, Ay = AR, Az = QAQ; T,

where

100 00 1 010
@=(0 10|, @=(100),@=[0o01
00 1 010 100

v

Bosco G.© Stabilization of switched systems October 16th, 2021 40/48



Parametrization of the class of switched linear
systems

Matrix E = et TehTeMTi — EEF

Tk = bikarccot <Z—:>
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Parametrization of the class of switched linear
systems

Matrix E = et TehTeMTi — EEF

1 1 1 2 3 3
€1 e:iz €13 2 2 €13 e:él e, 0
Ei=|(0 ey e3), =6 e, e3]|, E3=|e; 0 0
1 2 2 3 3 3

0 ep O e 0 e5 €31 €3 €33
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Parametrization of the class of switched linear
systems
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Parametrization of the class of switched linear

systems

det(M) = de;(E)’

det(E) — etl’(Al)T1+t|’(A2)T2+tI’(A3)T3 — e(>\1+2a1)T1+()\2+2a2)T2+()\3+233)T3
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Parametrization of the class of switched linear

systems

det(M) = de;(E)’

det(E) — etl’(Al)T1+t|’(A2)T2+tI’(A3)T3 — e(>\1+2a1)T1+()\2+2a2)T2+()\3+233)T3

7273 Arta1) Ti+(Ao+a2) To+(Aa+a3) T
det(M) = — eMita) Tit(ota) To+(As+a3) Ts
N NCAT VAT

—1 < det(M)

e ORI < \J12 4 o2\ [18 4 0B 62 + o
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Parametrization of the class of switched linear

systems

[tr(M)| < 1+ det(M),
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1 MT 1 71 aTi ol _ pib1 + qidh enTi _ I T

e =¢€ , 653 = —————¢€ > — 5
1 BTt d? CYCET A by
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_ 3 2 1 3 2 1 3 2 1 3 2 1
tr(M) = e3,631 €13 + 33631813 + €261 811 + €3,€%,623,

1 _ T Ll "1 a1 Pt aqdi . @7

e =€ ey = —me—set, ey = s et — et
NG biy/D2 1 & :

&2 = el &2 72 2T 2 _ p2b2 + g2 > o2T2 _ 26)\257

) (S = —F———=¢€ ) Y

Bosco G.” Stabilization of switched systems October 16th, 2021 43/48



Parametrization of the class of switched linear

systems

[tr(M)| < 1+ det(M),

_ 3 2 1 3 2 1 3 2 1 3 2 1
tr(M) = e3,631 €13 + 33631813 + €261 811 + €3,€%,623,

el — Mt ol Lealﬁ Gl = MEQITI q eMTh

11 — ) €23 — s €13 — - )
/b2 + d? bi\/b? + d? by

2 — bl 2 2 aT 2 _ p2b2 + g2 > o2 _ 2 T

2 = ) 63 = —F—— ) € = ——F—=— == :
/b3 +di b/ b3 + d3 b,

3 Ty 3 V3 aTs 3 _ P33t asds .o g
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Numerical example

Consider a third order switched system with matrices

1 0 0 1 0 -12 110
A=l0 1 25|, 4= 01 0] .A=[-1210
0 —20 1 50 1 00 1
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Numerical example

Consider a third order switched system with matrices

1 0 0 1 0 -12 110
A=l0 1 25|, 4= 01 0] .A=[-1210
0 —20 1 50 1 00 1

o Eigenvalues of A;: 1,1 =+ 5v/2i.
e Eigenvalues of Ay: 1,1+ /6i.
o Eigenvalues of Az: 1,1+ 2V/3i.
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Numerical example

Consider a third order switched system with matrices

1 0 0 1 0 -12 110
A=l0 1 25|, 4= 01 0] .A=[-1210
0 —20 1 50 1 00 1

Eigenvalues of A;: 1,14 5v/2i.
Eigenvalues of Ay: 1,1+ /6i.
Eigenvalues of A3: 1,1+ 2V/3i.

T; =~ 0.222144, T, ~ 0.641275 and T3 ~ 0.45345.
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Eigenvalues of Ay: 1,1+ /6i.

Eigenvalues of A3: 1,1+ 2V/3i.

T1 =~ 0.222144, T, ~ 0.641275 and T3 = 0.45345.
det(M) = —0.293792.
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Numerical example

Consider a third order switched system with matrices

1 0 0 1 0 -12 110
A=l0 1 25|, 4= 01 0] .A=[-1210
0 —20 1 50 1 00 1

Eigenvalues of A;: 1,14 5v/2i.

Eigenvalues of Ay: 1,1+ /6i.

Eigenvalues of A3: 1,1+ 2V/3i.

T1 =~ 0.222144, T, ~ 0.641275 and T3 = 0.45345.

det(M) = —0.293792.
tr(M) = 0.
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@ Conclusions
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Conclusions

Explicit condition from the data problem.

@ Another switching law can be defined by reversing the order of the
subsystems. Then, there are two possibilities to check it out.

In fact, there are not only two switching laws in this method but an infinity

number of them can be defined by “switching” the previous two ones. . .
(studying the underlying discrete-time switched linear system)

@ An invariant subspace has been provided for this class of switched systems.
So we can think about a generalization of further order.
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