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Hypercyclic operators
...the first examples

Hypercyclic operator

Let T be a continuous linear operator defined on a separable F-space
Z, Tis hypercyclic provided there exists x € & such that {T"x} is
densein Z.
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Hypercyclic operators
...the first examples

Let 5 (C) the space of entire functions endowed with the topology
of the uniform convergence on compact subsets.

Theorem (1929-G. D. Birkhoff)

The translation operator Tf(z) = f(z + a) is hypercyclic in # (C).
compact subsets.

Theorem (1952. G. R. MacLane)

The differentiation operator Df = f’ is hypercyclic in 5 (C)
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Hypercyclic operators
...unification of classical results

Theorem (1991-Godedroy-Shapiro)

LetL : #(C) — 5 (C) be a continuous operator commuting with
the differentiation operator D. Then L is hypercyclic if and only if L is
not a multiple of the identity.

e A characterization of the commutant of D.

e The Hypercyclicity Criterion.
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The Hypercyclicity Criterion

...a sufficient condition for hypercyclicity.

Theorem (Hypercyclicity Criterion)

Let T be an operator on a F-space X satisfying the following
conditions: there exist Xo and Yo dense subsets of &, a sequence
(nk) of non-negative integers, and (not necessarily continuous)
mappings Sp, : Yo = & so that:

i) T — O pointwise on Xg.
i) Sn, — O pointwise on Yo.
iii) T"xSp, — Idy, pointwise on Yj.

Then the operator T is hypercyclic.
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Extended eigenoperators
...A-commutativity.

Definition

Let T be a continuous linear operator and A € C. An operator X # O
is said to be an extended A-eigenoperator of T provided TX = AXT, in
such a case A is called extended eigenvalue of T.

In operator theory this concept arises in order to extend
Lomonosov'’s result.
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...questions

In general

Cyclic and hypercyclic properties are usually transferred to the
commutant of the operator. How does it transfer to the extended
eigenoperators?

For today

Let L be a continuous operator on 5 (C) and assume that DL = ALD
for some A # 1. Is L hypercyclic?
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...selected background

Let Cy pf(2) = f(Az + b) be the composition operator induced by an
affine endomorphism of C.
Clearly DCy , = AC, D.

Theorem (1994-Bernal-Montes.)

Cap is not hypercyclic unless A = 1and b # O.
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...selected background

Let Tx pf(2) = f'(Az + b)
Again DTy j, = AT, pD.

Theorem (Aron-Markose(2004), Fernandez-Hallack (2005),

L.-Romero M.P.(2014))
Assume A # 1. Ty p, is hypercyclic if and only if |A| > 1.
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Main result

Theorem (Bensaid-Gonzalez-L.-Romero)

Let L be such that DL = ALD then, L is hypercyclic if and only if |A| > 1
and L is not a multiple of a composition operators induced by an
affine endomorphism of C.
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Main result
...first steep

Theorem

If L is an A-extended eigenoperator of D then L factorizes as
L =Rx¢(D)

where ¢ is an entire function of exponential type and R,f(z) = f(Az)
is the dilation operator.

...as a consequence

The proof of hypercyclicity of L splits naturally into several cases in
terms of |A| and the zeros of ¢.
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An easy case
...|A| =1, a root of the unity

Consequence of Godefroy-Shapiro and Ansari results

If ]\| =1, A # 1is a root of the unity and ¢ has some zero, iff
L = R, ¢(D) is hypercyclic.
( Some power of L commutes with D)
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The case |A| < 1.
...hot hypercyclicity

A general result for operators in Banach spaces

Let A and T be two operators on a Banach space. If T is an extended
A-eigenoperator of A and |A| < 1then T is not hypercyclic.

....the above result is not true on F spaces.

For |A| > 1, Tx,D = (1/A)DT) . Hence D is an hypercyclic extended
(1/X1)-eigenoperator of T , with [1/A] < 1.
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.not hypercyclicity

[ L=rRoe®d) |

[L”f(Z) = [ [fA"Z+ A" Wy 4o+ wn)du(wn)-“du(m)]

Ve

U is a complex Borel measure with compact support in C

If |A| < 1then the argument (A"z+ A" 'wy + + -+ + w,) liesina

compact subset of C.

If {L"f} is dense, since D has dense range {DPL"f} should be
also dense.

By selecting p such that [A|P < ||u|| we get that DPL"f — 0 as
n — 00,

J
14/33



When |[A| = 1, we divide the proof of the Main Theorem in cases:

L = Ry¢(D)
Al =1, Al > 1, Al =1, Al =1,
l(0)| > 1 0<[¢(0)] <1 J 0<]¢(0)] <1 ¢(0) =0
We assume that A # 1.
We can assume without loss of generality that ¢ has some zero. If not, we

can show that L = R, ¢(D) is a multiple of a composition operator induced
by an affine endomorphisms.
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[ L=Re(®

(1A= 1,19(0)] > 1]

Xo = span {e@*7; n > 0}. is dense. L"e(¥*)2 = 0ifn > k.
Yo = span {px(z) : k> 0} is dense and Lpx = ¢(0)A py,
Yk = 0.

Define Spy = ka and extend S to Yq by linearity. Since
|¢(0)| > 1, S"px — 0 as n — oo for every [A| = 1, hence
Sy = O0asn — oo forally € Yo. LS = Idy,.

According to the Hypercyclicity Criterion, L is hypercyclic.

~
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Case 2: [A] > 1,0 < |¢(0)] <1

Definition (Borel transform)

Letf(z) = Z‘:io anz" be an entire function of exponential type. The
Borel transform Bf of f is defined as

® nla,
Bf(z) =) e (0.1)

n=0

and is analytic on |z| > ¢ for some ¢ > 0.

In particular, f,(z) = z"/n!, we have Bf,(z) = 1/z2"*" which is
analytic on |z| > O.
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Case 2: [A] > 1,0 < |¢(0)] <1

Definition ( Polya Integral Representation Formula)

Let f(2) = Zn anz" be an entire function of exponential type..If

Bf(z) is analytic on |z| > c, then for any R > ¢, f can be expressed as:

1
f(z) = — e?'Bf(t) dt. (0.2)
2mi J|t|=r

This is called the Pélya Integral Representation of f.
In particular, for any R > O the Pélya Integral Representation of

fo(z) =Z"/nlis

1
fn(z) = f Zthn(t) dt. (0.3)
|t|=R
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Getting an idea about the right inverse...

1 :
L"f(2) = — f ¢()p(At)--- p(A" ") Bf(t)dt.  (0.4)
2mi J|t|=R

Denoting w = 1/A, if for some R > c using the above representation
it show up many different ways to define a right inverse L. For
instance:

1 1
=— ———e“!'Bf(t) dt, 0.
sf@) = A:R (oD Bf(t) dt (0.5)

so as we get LSf =f..

The idea here is to define S on fq. Sk on fi, Sk on fj,...
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Denote P(z) = ¢(0)(1— z/a). Then, there exists a sequence of
positive numbers R, — 00 such that

e 2Bf () dt = 0 (0.6)

Lifa(2) = 2mi 7|§t|=Rk P(wt) - - - P(wkt)

uniformly on compact subsets.
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[ L=rRoe®d)

(1Al > 1,0 < [9(0)] <1

Set w = 1/ since |w]| < 1, the subset
Xo = span {€%“"Z : n > 0} is dense in H(C), and L"xq = O for
n large enough on Xo.

Defining
m—1
Sfn = Lifm— ) al9 Sif (07)
j=0

we get (Ra@(D))*Skfm = fm by construction, and Sif, — O. on
compact subsetsas k — oo forn=0,..., No.

~

J
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In this case the right inverse is defined on the exponentials as
follows (w = A™"):
b ! nb
She?” = e 2, (0.8)
¢(wb) -+ ¢(w"b)
The problem is reduced to find a complex number b such that
limsup ¢(wb) - p(w"b) = 00.

If ¢ has a finite numbers of zeros, the complex number b can be
obtained by standard arguments.
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Case3:|A|=1,0<|¢(0)| £ 1

Set fn(z) = ¢(wz) - - - p(w"z) We proved that:
1. There exists an open subset G such that Z = {f,} is normal at
no point of G.
2. Apply Montel’s Theorem and deduce that

U fa(6)

fneF

is dense in C.
3. There exists zg € G such that {f,(z0) } n>1 is dense in C.
4. In particular, there exists a subsequence {ny } such that
liMi— oo f, (20) = 0.

Suppose that w is an irrational rotation and O < |¢(0)| < 1. Then
L = R,¢(D) is hypercyclic.
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([ T=rRe® |
¥
(1A= 1,0(0)=0]

Let ¢(2) = 2"y (2) with ¢(0) # 0 and set A, = Ry ¢(D). So, T = A, D™.
T"p(z) = 0 for n > deg(p)
In view of TV™py = A,pi = ¢(0)A*py, we define

vmkpn

AmA2m .. .)\(k—1)m(¢(o))\n)k' (0.9)

Skbn =

and extend Sy to Yo = span {px(z) : k= 0} by linearity.

Since |A] 21, |Sk(pn)(2)] < |\/|';k(%n)(|i)| — O uniformly on compact

sets. T*Sypn = pn

According to the Hypercyclicity Criterion, T is hypercyclic.
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Block II. Hypercyclic and Supercyclic subspaces
...selected background

Hypercyclic subspace

Let T be a continuous linear operator defined on a separable F-space
Z , T has hypercyclic subspace provided there exists an infinite
dimensional closed subspace # C & suchthatx € 5 \ {0} is
hypercyclic for T.

Supercyclic subspace

Let T be a continuous linear operator defined on a separable F-space
Z , T has supercyclic subspace provided there exists an infinite
dimensional closed subspace # C & suchthatx € # \ {0} is
supercyclic for T.
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...first definitions

Godefroy-Shapiro: "If L is a continuous linear operator on

7 (C)" and L hypercyclic then L" has a dense, invariant linear
manifold .# C 5 (C) suchthateachxe .# \ {0} is
hypercyclic for L.

Bourdon: "If T is hypercyclic then T always has a dense, invariant
linear manifolds whose non zero vectors are hypercyclic".

Petersson: "If L = ¢(D) and ¢ is a trascendent entire function
of exponential type, then L has a hypercyclic subspace.

S. Shkarin: " The differentiation operator D has a hypercyclic
subspace".

Menet: "If L = p(D) and p is a non trivial polynomial then p(D)
has a hypercyclic subspace". 26/33



Question 1. Let L be a continuous operator on s (C) and
assume that DL = ALD for some A # 1. Is L supercyclic?
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...previous results

Let Cy pf(2) = f(Az+ b)

Theorem (2007-Bernal-Bonilla-Calderén.)
Ca,p is not supercyclic unless A = 1and b # O.
Let Tx pf(2) = f'(Az + b)

Theorem (2014-L. Romero)

Assume A # 1, Ty, is has a hypercyclic subspace if and only if |]A| = 1.

28/33



Main results

Theorem

Gonzdlez-L-Romero] Assume DL = ALD. L € SC \ HC if and only if
Al <1, ¢(0) = 0, and L is not a multiple of a composition operators
induced by an affine endomorphism of C.
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HCx denotes the set of hypercyclic operators having a
hypercyclic subspace.

If L = Ry¢(D) then let us denote by % (¢) the set of zeros of ¢.
Gonzélez-L-Romero. Assume L = Ry¢(D), A # 1.

L=Ry¢(D) | Z(¢) =0 | Z(¢) # 0 finite | Z(¢) infinite
Al <1 L € HCoo L & HCoo L € HCoo
N =1 | L&HCoo L € HCoo L € HCoo
Al > 1 L € HCoo L € HCoo L € HCoo
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SCwo denotes the set of supercylic operators having a
supercyclic subspace.

If L = Ry¢(D) then let us denote by % (¢) the set of zeros of ¢.

Gonzalez-L-Romero. Assume DL = ALD, L = Ry ¢(D).

Al <1 | Z(¢)=10 0€ Z(¢) 0¢ Z ()
L & SCxo LGSCOO\HCOO L & SCxo

A =1| Z(@)=0 | Z(¢) # B finite | Z(¢) infinite
L & SCoo L € HCx L € HCx

Al >1| Z(¢) =0 | Z(¢) # @ finite | Z(¢) infinite
L & SCoo L & SCoo L € HCx»
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Thank you very much for your attention
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